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Introduction 


In four-dimensional flat Minkowski space-time massive particles are characterized by one 
parameter — spin s and the most simple and economic description of such particles is the one 
based on completely symmetric (spin)-tensors. But moving to the dimensions greater than 
four, one faces the fact that representations of appropriate groups require more parameters 
and as a result in many interesting cases such as supergravity theories, superstrings and 
(supersymmetric) high spin theories one has to consider different mixed symmetry (spin)- 
tensors |l|-0. In (Anti) de Sitter space the problem becomes even more complicated because 
high spin helds in (A)dS reveal a number of peculiar features such as unitary forbidden regions 
(i.e. not all possible values of mass and cosmological constant are allowed) and appearance 
of partially massless theories [0-[M]. Moreover, not all helds admit strictly massless limit 


0 making the very dehnition of mass for such helds problematic. 

In our previous work on this subject we use gauge invariant description for massive 
high spin particles using completely symmetric tensor helds. Such formulation being uni¬ 
tary and gauge invariant from the very beginning turns out to be very well suited for the 
investigation of unitarity, gauge invariance and partial masslessness. In the present paper 
we extended our previous results to the case of mixed symmetry tensors T[^ua],i 3 and 

R[^iu],[a| 3 ]■ In all three cases our strategy will be as follows. We start with the massless 
theory in hat Minkowski space hxing the massless Lagrangian and the structure of gauge 
transformations. Then by adding appropriate number of Goldstone helds we construct gauge 
invariant formulation for massive particle. Note that gauge transformations for mixed ten¬ 
sors often turn out to be reducible and the dehnition of appropriate set of Goldstone helds is 
not so trivial as in the case of symmetric tensors. After that we consider a deformation of the 
constructed model to the (A)dS. In contrast with the massless theories our massive gauge 
invariant models admit smooth deformation to (A)dS without introduction any additional 
helds. At last, having in our disposal massive theory we study all possible massless as well 
as partially massless limits. 


1 tensor 

Our hrst example will be the third rank tensor antisymmetric on the hrst two indices 

and satisfying the relation = 0 Using these properties it is easy to check that the 

following free (quadratic) Lagrangian 

- (a<i))(a$) (i) 

is invariant under the two gauge transformations 

Q, d^Xi/a di/X^a T ‘^da'y^u d^yi/a T (2) 

where parameter xs^ap} is symmetric while y\^ap] — antisymmetric. Note that these gauge 
transformations are reducible in a sense that if one set 

^q/3 T yaP 9aCp T (3) 
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then S^niy^a = 0 . 

In is not possible to rewrite our Lagrangian as a square of some gauge invariant quantity 
because there is no combination of the hrst derivatives of ^[^u],a fhat would be invariant 
under both gauge transformations (that will require two derivatives P, ^). As is rather well 
known one can however introduce tensor T[^ua],i 3 

i^a,/3 fia,P “1“ fiUyf) (4) 

which is invariant under the Xo/^-transformations but not invariant under the T/a/^-ones. Then 
one rewrite the Lagrangian in the following simple form: 

Co = (5) 

where T[^] = T^ua°- 

It is interesting that there exist one more possibility. Namely, one can introduce another 
tensor R[i,u],[a/ 3 ] 

RflU^aP T (6) 

which is invariant under the j/o^g-transformations but not under the Xo/ 3 -ones and rewrite the 
same Lagrangian in a very suggestive form: 

>^0 = + R ^] (7) 

o 

Let us turn now to the massive case. We have two gauge invariances with the parameters 
Xap and Uap so we introduce two Goldstone helds: symmetric tensor and antisymmetric 
one with their usual kinetic terms: 

A/io = \d^^h^^d^Kp-{dhY{dh)^ + {dhYd^h-U^^hd^h + 

+ + d^B^^d^Bp, ( 8 ) 

and their own gauge transformations: 

6Kp = daXp + dpXo, SB^p = dc,yp - dpy^ ( 9 ) 

With the help of these helds it is easy to check that the sum of massless Lagrangians sup¬ 
plemented with the following low derivatives terms: 

C^ = -mV2{^^y^^d^K'^ + ^YdhY 

+ 2^YdBY) + 

9 

771 

is still invariant under the Xap, yap transformations provided 

Shap = m\/2xap SBap = mVQyap (11) 
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But our two Goldstone fields hap and Bap are the gauge fields themselves, so we have to 
take care about their own gauge transformations with the parameters Xa and ya- At first 
sight it seems that one needs two vector helds to achieve this goal. But due to reducibility 
of gauge transformations for held mentioned above it turns ont that it is enongh to 

introduce only one additional vector helds, the role of the second one playing the held ^fj,u,a 
itself. Indeed, by introdncing vector held and adding to the Lagrangian the following 
additional terms: 

A£ = + ml3[h‘^^daAp - h{dA) + y/3B°''^daAp] - 

-w?\/2p^>^A^ - — lAf,^ (12) 

a — 3 


we managed not only keep the invariance under the Xap and yap transformations, but also 
to achieve the invariance nnder the Xa and ya transformations, provided: 


fj, Qfia^u) A ^ 9fjLayu)\ 

5A^ = m(3[x^ + VSy^,] (13) 


where a = — , (3 = Not that while the strnctnre of massless Lagrangians does 

not depend on the dimension of space-time d, the structure of massive ones does. In this 
section we will assnme that d > 4. 

One could note that the vector held A^ is also a gange held and it seems necessary to 
introduce one more Goldstone held, namely the scalar one. Once again it is important to 
note that the gange transformations for Bap are also reducible because if one set ya = daA 
then 5Bap = 0. As a result one can check that withont introdnction of any additional helds 
the Lagrangian obtained already invariant under the appropriate transformations which look 
like: 

TTi 

5A^ = df,A 5hap = , ^=gapA (14) 

- 2)(d - 3) 

Gollecting all pieces together we have the description of massive particle in terms of fonr 
helds hap. Bap and A^ which is invariant nnder hve gange transformations with the 

parameters Xap, yap, Xa, ya and A. Note that in d = 4 the held does not describe any 
physical degrees of freedom, while the helds hap, A^ and Bap in the massless limit provide 
helicities ±2, ±1 and 0, respectively. So in d = 4 our theory is just alternative description 
of the usnal massive spin-2 particle. Bnt in d > 4 the held ^fj,u,a does introdnce additional 
physical degrees of freedom, so snch theory corresponds to massive representation diherent 
from the one described by usnal Fierz-Pauli Lagrangian. 

Now let us turn to the (Anti) de Sitter space. We denote covariant derivative as and 
use the normalization 


DjyjAa Rfj,u,a A^, R^u,ap ^i,9^J,ot9yp 9^J,p9i'a), 


2A 


(d- l)(d-2) 


(15) 


where A — cosmological constant. As is well known in the (A)dS even for the massless 
helds gange invariance reqnires that the non-derivative mass-like terms were present in the 
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Lagrangian. Moreover, in many cases it is not even possible to have strictly massless limit at 
all. So it is convenient to organize the calculations just by the number of derivatives exactly 
as in flat space. Then the procedure looks as follows. We start with the sum of ’’massless” 
Lagrangians for all fields (i.e. the Lagrangians that would describe massless helds in flat 
space) 

-^0 = + ^o{haj3) + Co{Bai3) + (16) 

in which all derivatives are replaced by the covariant onesQ. Let us consider the gauge 
transformations: 


^ohafS Df^Xy DyXoi SoBf^y Df^yy Dyy^ Df^A. (l^^) 

where all derivatives are also covariant ones. Because the covariant derivatives do not com¬ 
mute the Lagrangian Cq is not invariant under such transformations, but as the form of 
Lagrangian and gauge transformations is the same as in flat space the residue contains only 
terms with one derivative: 


SqCq = —2ilx‘^[2{Dh)a + {d — 3)Dah] + 

+2f]x“^[(2d - + dD^^y - dg^y{D^)] + (18) 

+3ny^^[3D^^^^^y - 2{d - 6)D^^y] 

These terms do not influent the calculations of variations with two derivatives, so we keep 
the same structure of the terms in the Lagrangian with one derivative as in flat case: 

Cl = + 

-y + 2^^{DBr] + 

+/3i [h'^f^DaAy - hiDA)] + p2B^^D^Ay (19) 


as well as the form of non-derivative terms in the transformation laws: 


6i^ 


0L\ 




2{d-3) 




Oi2 


2{d-3) 


{gi/ayfi giLaVu) 


dlhay — OilXay + 
dlB^y (^2yaf3 


(di 


',9 a (3 A 


d-2^ 
diA^ = (dix^ P2yfj. 


( 20 ) 


Due to such a choice all the variations with two derivatives cancel each other and we obtain: 


y2 _ y J Q j 2 _ o J o 

<^0-^1 + ^1-^0 = Dx“[q;i- - - - - A 2Pi{d — l)Aa\ — Vta2 - - - - -+ 

AilaiX^^^ {dhay — gayh) — 3ila2{d — 2)y°‘^Bay ( 21 ) 

^ Note that due to non-commutativity of covariant derivatives there is an ambiguity because the resulting 
Lagrangian depends on the order of derivatives in the initial one. Different choices lead to slightly different 
form of mass-like terms, but all choices correspond to physically equivalent theories. 
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Now we add the most general mass-like terms to the Lagrangian: 


£2 = + | kl ^2 ^ + |/,2 + ( 22 ) 

and require the cancellation of all variations with one derivative (taking into account ^O'^o) 
and without derivatives (including This allows one to express all the parameters 

in the Lagrangian and the gauge transformations in terms of ai and a 2 '- 

2ci = ai^ + 2Q(2d - 3), C 2 = - 2Qd, C 3 = -ai/3i, C 4 = 


C 5 = —Qd, cq = Q, C 7 = 3Q(d — 2), /3i = 


d-2 


6(d-3) 

and also gives a very important relation on these two parameters: 


<^ 2 , P 2 — 


3{d-2) 
\ 2{d-3) 


(y.1 


3a,’ - aj’+ 12Ji(d - 3) = 0 


(23) 


Now, having in our disposal massive theory, we can study which massless or partially 
massless limits exist in such theory. First of all, let us note that in the gauge invariant 
formalism we use the massless limit means the situation when all Goldstone helds decouple 
from the main one. In the case at hand it would requires cti = 0 and 0:2 = 0. But the 
last relation clearly shows that for nonzero value of cosmological constant it is impossible to 
have both cki = 0 and 0:2 = 0 simultaneously. So, as it was already mentioned in [|^, there 
is no fully massless limit for the held in (A)dS. Instead, depending on the sign of the 
cosmological constant, we could obtain one of the two possible partially massless limits. In 
AdS (fl < 0 ) one can set 0:2 = 0 . As a result the whole system of four helds decouples into 
two subsystems. One of them contains helds ^^u,a and ha/s with the Lagrangian 

+ + n(d - V + (24) 


where ai = 2^J—fl{d — 3), which is invariant under the following gauge transformations: 


DyX^Q, -\- -|- Di/y^c 


(y.\ 






(26) 


As far as we know for the hrst time such system was considered in |^]. The rest of the helds 
{Bap, A^) gives just the gauge invariant description of massive antisymmetric tensor with 
the Lagrangian 

M2 


C = CoiBap) + jCo{A^) + 


(26) 


which is invariant under: 


5Bf,,y = dAf, = + My^ 


(27) 
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On the other hand in the de Sitter space we can set ai = 0. Once again the whole system 
decouples into two subsystems. This time we obtain partially massless theory with the helds 
and Ba /3 with the Lagrangian 

where a 2 = 2^j3fl{d — 3) and corresponding set of gauge transformations 

Q, D^Xyo^ T 2,0Q^yD T D^y^^ 

3^2 

’^^dvaV^ Q^aD^ ( 29 ) 

Dfyyy Dpya T Oi2yaP 



The rest helds hap and with the Lagrangian 

C = Coihap) + CoiA^) + ^2n{d - 2)[h^^DaA0 - h{DA)] - 

-^h^^hap + - n{d - 1) V (30) 

and gauge transformations 


^^Ol (3 


-\- DpXo^ -|- -|- yj 2 r 2 (d 2 ^X 0 


(31) 


is just the gauge invariant description |]T^ of rather well known [T^-[0 partially massless 
spin-2 theory in de Sitter space. 


2 Ti'H./S tensor 


Our next example — tensor held T[fj_ya],p antisymmetric on the hrst three indices and satis¬ 
fying the constraint T[^iya,p] = 0. In hat Minkowski space we will use the following massless 
Lagrangian 

+3dpT>^'^‘^’f^d^na - + 3{dTY{dT)^ (32) 

where = T^ya,°‘, which is invariant under two gauge transformations: 

hT^ua^P ^df^Tjp^i/a T da^fiuP T ^^hyaP 9uh^J.aP T 

~hd^\ya,p du\^a,P T daXi_ii/,P (33) 
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where parameter rj^^a completely antisymmetric on all indices, while — mixed tensor 
antisymmetric on hrst two indices and satisfying X[^J,u,a] = 0. For what follows it is important 
to note that these gauge transformations are also reducible, namely if one set 


XfJ.i',a 


ua + 

'^i^9^yiyQ, d^UfioL “ 1 “ do^y^y^ 


(34) 


where Xafs is symmetric and yap is antisymmetric, then Tf^ua,f 3 remains invariant. 

To obtain gauge invariant description of corresponding massive held we introduce two 
Goldstone helds ^^u,a and with the same symmetry properties as x^lu,a and rj^ua, 

respectively. The kinetic terms for these helds: 

A/: = + ^{dcndc)^, (35) 


where is the same Lagrangian as we use in the previous section. Both helds have 

its own gauge symmetries: 


fiu,a T ‘^daVfjiu T dj^y^Q 

6C, 


fiixa 


9^Zi/a di,ZnQ> H“ 9(xZ^ 






(36) 


with Xafs symmetric, while yap and Zap antisymmetric on their indices. 

By straightforward calculations one can easily check that with the addition of the follow¬ 
ing low derivatives terms 

V 779 

+^[T,,a,pd^C^’^- - ST^^idCr] - 

9 

777 ^ 

- —(37) 

the whole Lagrangian remains to be invariant under the x^iu,a and f]^ua transformations 
provided the Goldstone helds are transformed as foolows: 

fii/a ‘^TTlZ^fj^ua ( 2 ^) 

But our Goldstone helds are the gauge helds themselves, so one has to take care about 
their own gauge symmetries with the parameters Xap, yap and Zap- At hrst sight it seems 
that we need three more Goldstone helds one symmetric second rank tensor and two anti¬ 
symmetric ones. But due to reducibility of gauge transformations for the held T^ya,p it turns 
out to be enough to introduce only one additional held, namely antisymmetric tensor 
Indeed with the addition to the Lagrangian the following new terms 

AC = ]^d^B^Pd^Bap + d^B^^daBp,- 

( 39 ) 
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we managed not only to keep invariance under the XfJLu,a and rj^ya transformations, but also 
achieve the invariance under the transformations Xap-, UafS and as well, provided 


5T. 


2m 


fj.ua,/3 




\.9apyfju dufSH/ja “ 1 “ dfifiHua d" 


v^((i-4) 

~^9af3^fju 9uf5^fja d“ 9fJp^. 

Id — 3 

j^iVap - Zafs) 


(40) 


One can see that our construction works for d > 4 only, because in d = 4 the trace part of 
the Tfj^ua,f 3 completely decouples in the massless Lagrangian. So we will assume that d > 5. 

It is still not the end of the story because our new Goldstone held Bai 3 is a gauge held 
itself. As we have already mentioned in the previous section gauge transformations for the 
held ^f_iu,a are also reducible, as a result there is no need to introduce any new helds. Indeed, 
it easy to check that the Lagrangian obtained so far already invariant under one more gauge 
transformation with vector parameter z^ having the form: 

7Tl 

df^Zjj djjZf^ I (,9ua^fj 9fJaZu) (^ 1 ) 

Y (d — 3)(d — 4) 

Thus we have full massive theory with four helds T^ua,i 3 , ^fju,a, and B^^ which is 
invariant under the six gauge transformations with parameters Xfi,api Vfjua, Xa/s, Vais, Zap and 
Za- Let us turn now to (A)dS. We will follow the same procedure as in the previous case 
and start with the sum of (covariantized) ’’massless” Lagrangians for all four helds 


>^0 — ^o(T^^a,p) + ^o{^fJU,a) + ^o(C^fJua) + 

as well as the following initial gauge transformations: 


doTfjua,p 

do^fju,a 
do^fjua 
do Bap 


3Dp7]^i,a 4“ DaTjfjuP T D^Tji^ap DyTj^aP T 

+D^X uoi.^(3 

Dfj,Xjy(^ Di^y^a 

D ^ZipoL Di,Z^a “h Dfy^Z^ip 

DaZy DyZfy^ 


(42) 


Now as the structure of Lagrangians and gauge transformations is the same as in the hat 
case all variations with three derivatives cancel each other leaving us with terms containing 
one derivative only (and proportional to cosmological constant): 

do£o = -3nx>^^’^[{3d-8){DT)^,,a-{2d-3)DaT^u-2{2d-3)g,a{DT)^]- 
-Anr]^^'^'^[AD%,a,p + 3(d - 9)D^na] + 9G(d - 3)z^0DC)ap + 

+2Gx“^[(2d - 3)D^^^a,p + dDa^p - dgap{D^)] + 

+3ny'^03D'^^ap,fj - 2(2d - Q)Da^p] 


( 43 ) 



These terms do not contribute to calculations of variations with two derivatives, so we keep 
the same structure of the Lagrangian terms with one derivative: 


+ - 3 T^,(DC')n - 

+ 2^^{DBY] - (44) 

as well as the same structure of non-derivative transformations for all fields: 


0^3 [S'ct/Sy/iz/ Qu^VfiOL dfipUi'a] H“ 

fiv^a "fi ^7^9uol^^ Q^cx.^v'^ 

^2^/iZ/Q; ^bUotfS "t" 

In this, all variations with two derivatives indeed cancel each other provided: 

2 o;i 0^2 0^5 

“ 3(d-4)’ “ 3((i-4)’ “ ~2{d-3) 

and we obtain non-derivative terms only: 


^0-^1 + -|-r2Q;2(d — 3)?7 ^'^“C'^i,o-|- 

+il[2ai{d - 5) - Qa^d - l)]y^''Ti,^ - Sila^d - 2)y^''B^i, - 
—2r2[Q:2(d — 2) -|- 3ai{d — + Vt^a^d — a^d — l)]2;^<h^ (46) 


At last we add to the Lagrangian the most general mass-like terms for all helds: 

c, = + 

+ (47) 


and require the cancellation of all variations with one derivative (including ho/lo) and without 
derivatives (taking into account SqCi + 5i£o)- This allows us to express all the parameters 
in the Lagrangian and gauge transformations in terms of cci and 0:2 


2 _ 4((i 3) 2 I Q^ 2 _ 3 2 

“ 3(dVy“‘ + - 3), 06 - 

2 

Cl =-^-fi(3d-8), C 2 = ai2 + 3fi(2d-3), 
o 

d — 2 

C 4 = 3 ^ 0 : 5 ^ C 5 = VL{2d - 3), ce = -2fid, 

and gives us an important relation on this parameters: 

4q;i^ — 0 : 2 ^ -|- 36il{d — 4) = 0 


- 12fi(d-3) 


C 3 


(y.iCX2 

2 


C 7 = —fl{d — 3) 


(48) 
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Thus we have a one parameter family of Lagrangians. But it is not evident which param¬ 
eter or combination of parameters should be identihed with mass because the last relation 
means that exactly as in the previous case for the nonzero value of cosmological constant it 
is not possible to set ai = 0 and 0:2 = 0 simultaneously (recall that d 7 ^ 4). So there is no 
fully massless limit in (A)dS but there are two partially massless ones. 

In Anti de Sitter space (hi < 0) one can set 0:2 = 0. As a result the whole system 
decompose into two subsystems. One of them with the helds T^ua,i 3 and with the 

Lagrangian 

+ ^0(2d - (49) 

where ai = — 4), which is invariant under the following gauge transformations 

-|- DaTj^i^iS “h 

+D^X i'a,p Di/Xfj,a,l3 T DaXfJ,u,f3 T 

a(3y^iu du/SV^a T d^pUyoil T 

D^Xya T ‘^Doi'y T OiiXiJ.u,a (^0) 

gives US one more example of partially massless theory. 

The other one with the helds and is just gauge invariant description of massive 
third rank antisymmetric tensor with the Lagrangian 

C = Co{C^,^) + £o(5m-) - 2sJ-3n{d-3)C^,^D^B-^ - (51) 

and gauge transformations 


2 ai 


3(d-4) 


[d 


5B^^ = + 2^3Vt{d - 3)z^,y (52) 

In the de Sitter space (O > 0) one can set cti = 0 instead. Once again the whole system 
breaks into two deconpled subsystems. One of them give another partially massless theory 
in terms of and Cfj,ua with the Lagrangian 

- ^0(d - 9)T^'^T^, - ~ (53) 


where q ;2 = Q\J^{d — 4), which is invariant under 


+D^X i'a,p DuXfjLa^y T DaX^u,f5 T 

'^QayZ^i/ dupZ^a T 9fipZi/a\ T 


0:2 


3(d-4)' 

D^ZiiQi DyZ^a T Df^Z^i, -|- OC2dfiv 


(54) 
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The rest fields and give exactly the same partially massless theory that we 

have in the previous section for the de Sitter space. 

So the general pattern of such massive theory both in Minkowski space as well as in (A)dS 
resembles very much the one for the field considered in the previous section. It is not 
hard to construct a generalization of this theory to the case of the tensor like 
for arbitrary n. But more general case like contains special symmetric case 

m = n which requires separate study. The most simple (but may be the most interesting) 
example — tensor R[^u]^[a0\ which will be the subject of our next section. 

^ ^[jjii']\a(3] t©nsor 

Our last example — tensor R[^u]^[a 0 \ antisymmetric on both first as well as second pair of 
indices and satisfying R^u^ap = Raf 3 ,fiu and R[^u^a]f 3 = 0. We start with the massless case in 
the Minkowski space and consider the Lagrangian 

£0 = - ^{dRr’^^{dR),,^p - {dRY’^^dpR,^ - 

o Z 

-hpR^'^dpR^, + {dRYidR)^ - hdRYd^R + \d^Rd^R (55) 

Z Z o 

It is easy to check that this Lagrangian is invariant under the following gauge transformations: 

^Rfj,u,a/3 0/9 T ^aX/9,/^!^ ^f3Xa,^u (^6) 

where parameter X^ja/9] antisymmetric on the two indices and satisfies X[fjL,ai 5 \ = 0. Note that 
due to symmetry property R^u,ai 3 = Ra| 3 ,^lv we have only one gauge transformation instead 
of two as for the previous cases. This gauge transformation is also reducible because if one 
set 

X/i,Q/9 daUppL T dpija^ (57) 

where yap antisymmetric tensor, then R^u,ap remains invariant. 

Following our general procedure we introduce one Goldstone field „ with the same 
symmetry properties as x^l,ap with the same massless Lagrangian and its own gauge trans¬ 
formations as before. Then by adding the following low derivatives terms to the sum of 
massless Lagrangians 

2 

+ R^] (58) 

O 

we can still have gauge invariance under the x^l,ap transformations for massive field provided 

Si^ap,iM = mx^,,ap (59) 

Recall that our Goldstone field ^fj,u,a has its own gauge transformations with the param¬ 

eters X{ap} and y[ap]- Due to reducibility of gauge transformations for R^y^ap it turns out 
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that one has to introduce one new Goldstone held only. Indeed with the additional 

terms 


AC = Co{Kp) - ma2[^^u,ad'"h^°' + ^t,{dhY - ^,,d'"h] + 

+ ^Rh + V - h^)] (60) 

our theory becomes invariant not only under Xfj.,ap transformations, but under Xap and ijap 
ones as well, provided 


^lRfj,u,aP ^ ^i,9fia^uP dfiP^ua fict) 

Sihap = ma2Xo,0 (61) 

Here 0:2 = 2 ^Once again, the whole construction works for d > 5 only. 

Moreover, due to the reducibility of gauge transformations of the held the La- 

grangian obtained turns out to be invariant under one more gauge transformation with 
vector parameter 


6^ 






m 

j - \9u(x^^ QfiaXi/j 

s/{d-3)(d-i) 

daXp + dpXa 


(62) 


So the whole massive theory requires three helds R^u,api and hap only and has four 
gauge transformations with the parameters XiJ.,ap, Xap, Hap and Xa- 

Let us turn to the (A)dS case. As we have already noted our main held Rfj,u,ap has one 
gauge transformation only, so one may expect that there exist fully massless theory for this 
held in (A)dS. Indeed if we consider the Lagrangian C^^R^y^ap) and gauge transformations 
with the parameter XiJ.,ap where all the derivatives are replaced by the covariant ones, then 
the variation of such Lagrangian: 

60 C 0 = -n[{d + 2)x>^’^^{DR),,ap + l0x"’^‘'D,Rap + 10x^{DR)a + {d - 8)x“D„i?] (63) 


could be perfectly canceled by the addition of the following mass-like terms: 


n 


= -ttK'* + + {d- 8)ii2| 


(64) 


Now let us consider massive case. This time (due to existence of fully massless limit) 
we will follow the same convention that we use in the case of completely symmetric tensor 
11 ^ , namely we will call 


helds 


” mass” 


the parameter which would be the mass in the hat 


space limit. So we introduce two additional helds and hap with their own massless 

Lagrangians and gauge transformations and add to the sum of massless Lagrangians the 
following terms with one derivative: 


-a2[^^.,aD^h'^'^ + ^^{Dhr - 


(65) 
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as well as the following non-derivative terms to the transformation laws: 


^lRiiu,af3 

hap 


2m 


d-A 

a2Xap 


{,Q^otXuf} dfJ-lSX 

Oi2 


2{d-3) 


Qua x^p A' SupXfiQ 
{.Qp^Xa Qa^Xp') 


( 66 ) 


Then straightforward calculations show that all variations with two derivatives cancel each 
other leaving us with; 


ho£i-hhi£o = -Vt[3mx^'°‘^^ap,^Ji-2,m{d-Q)x^^^,+ 

{dx^^R^p - xR) - a 2 {dx^^Kp - xh)] (67) 

Now if we add the most general mass-like terms for all three helds: 

£2 = + 

A-c^R^'^h^u -\- c^Rh -\- -\- (68) 

and require cancellation of all variations then we obtain the following expressions for the 
parameters 

Cl = —w? — Q{d + 2), C 2 = 2m^ + lOhl, C 3 = —m^ + ^{d — 8 ), 

CO ooM "^"2 ma2 

C 4 = 6 iZ, C 5 = 2iZ(d-6), Cq = -C 7 = ^p, 

d — 2^ ^ d — 2 ^ , 

cs = - — -a2 - 2n, cg = --— -a2 - fi(d - 3) 
a — 3 a — 3 

as well as the following relation on the main parameter 0:2 

^^2 ^ [m^-n{d-A)] (69) 

In (A)dS one can set m = 0. In this the held R^u,ap decouples and gives fully massless 
theory, while the others — ^^v,a and hap gives the same partially massless theory as in the 
hrst section. At the same time in the de Sitter space we have unitary forbidden region, 
because the last relation requires w? > r2(d —4). The boundary of this region gives ( 0:2 = 0) 
partially massless theory with the helds R^u,ap and with the Lagrangian 


C — C-o{R^v,ap) + + 

- 272^"(D$)^,, - + R{D^)] - 

~[{d - l)R^‘'’^^R^,,ap - 2{d + 1)R^’^R^. + 2R^ - 

- 4(d - 6 )$^$^] (70) 
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which is invariant under the following gauge transformations: 


^Rfiu,al3 D^ l3^oi,^u 

2m . . 

“ 1 “^ ~^\9^iol^vI 3 9fJ,f3^ua 9ua^fj,0 “ 1 “ 9l'|3^^la) 

liu,a D^Xi/a Di/X^a 2-DQr/^j/ D^j^Ui/a -|- Tn^djin/ 


( 71 ) 


In this, ho,i 3 just describes the usual massless spin-2 particle. 


Conclusion 


In this paper we have managed to construct gauge invariant formulations for massive particles 
described by mixed symmetry tensors ^[fj,v],a, three cases it 

was crucial to take into account the reducibility of corresponding gauge transformations to 
determine appropriate set of Goldstone helds. We have seen that such formulations admit 
smooth deformation to the (Anti) de Sitter space without introduction of any additional 
helds. This, in turn, allows us to investigate possible massless as well as partially massless 


limits for such theories. Our results agree with the observations in and give a number 
of new examples of partially massless theories both in de Sitter as well as in Anti de Sitter 
spaces. Here we did not try to consider generalizations to the more general mixed symmetry 
tensors, but we hope that three explicit examples constructed provide a good starting point 
for such generalizations. 
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